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The t e r i i ~ ~  a a n d  8 a r e  u s e d  a s  s l r t i f i c e s  i n  a v e r a g i c g  p r o ? e r t i e s  
? c r o s s  t h e  c h a r a c t e r i s t i c s ,  I n  - the f i r s t  i t e r a t i o n  ( a  1 f n e a r -  
{ z e d  c a l c u l a t i o n ) ,  a12 c o c f f < c i e n t s  a p p e a r i n g  i n  t h e  c h a r a c t e r -  
i s t j c  r e l a t i o n s  a r e  e v a l u a t e d  a t  t h e  i n i t i a l  s t a t i o n ,  w h i l e  
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I h e  a b o v e  d i f f u s i \ i e  t e r m s ,  a p p e a ~ i n g  i n  t h e  c : r a r a c . t e i - i s i '  L I C  
c o s r p a t i b i l  i t y  r e l a t i o n  ( E q u a t f  o n  (15)) c o n s i s t s  of c m h i n a t i o n s  
of - ? j r s t  a n d  s e c o n d  d e r i v a t i v e s  of - I and  u i  a s  i n  E q u s -  
.,. ~ i o n s  l ;7), (8) and  ( 3 ) .  
C o c s i d e r  t h e  t e r m  
1'4 a p p e a r i n g  i n  E . ; u a t i o n  ( 2 3 a ) .  E x p a n d i n g  
E q u a t i o n  (7), we o b t a i n  
7 r 3 
- L ! !  
- - , 2-0 \, al,l a , J 
- - 
a f i  l 
'i, R~ 1,p  ~ 7 - j ~  I c o s  a p - - - ' !  
r, L o Y a n i  A 
p r o p e r t i e s  and d e r i v a t i v e s  r e q u i r e d  i t  p o i n t  4, a r e  f o ~ n d  by 
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a n d  u i )  a r e  o b t a i n e d  a t  A a n d  3 by i n t e r p o l a t i o n  and  h e n c e  
t h e  f o r c i n g  f u n c t i o n  t e r m s  ( ~ q u a t i o n s  ( 2 3 )  t h r o u g h  ( 2 5 ) )  c a n  
be  c a l c u l a t e d .  
S o l v i n g  E q u a t i o n s  ( 2 9 )  a n d  ( 3 0 ) ,  we o b t a i n  
P C  = ( A ~ P ~ + B ~ P ~ + ~ ~ - ~ ~ - ( A ~ + ~ ~ ) x ~ + A ~ x ~ ~  B 5 x B ) /  ( A ~ + B ~ )  ( 3 5 )  
J s i n  8 
A5 = (A2+A3+ ) A 4  a n d  B 5  = ( B ~ + B ~ + .  J s i n  8 
Y Y ) B4 
a n d  
E v a l u a t i n g  t h e  f o r c i n g  f u n c t i o n s  a l o n g  t h e  s t r e a m l i n e  K - L ,  
a n d  
w e  o b t a i n  q ,  T and a a t  L a s  f o l l o w s :  i 
From t h e  S-momentum e q u a t i o n  ( E q u a t i o n  ( 2 ) )  
Ax / (a  cos 8 + B cos 8 ) - ( P  - p  ) 
- K L L K q L  - c i K  + 
+ 6 ( p q I L  ( 3 7 )  
from t h e  energy  e q u a t i o n  ( E q u a t i o n  ( 4 ) )  
and from t h e  s p e c i e s - d i f f u s i o n  e q u a t i o n  ( E q u a t i o n  ( 5 ' ) )  
The remaining  p r o p e r t i e s  a t  L can then  be e v a l u a t e d  a s  f o l l o w s :  
The a v e r a g e  m o l e c u l a r  we igh t  i s  e x p r e s s e d  by 
hence t h e  mix tu res  gas c o n s t a n t  i s  
From t h e  e q u a t i o n  of s t a t e ,  t h e  d e n s i t y  i s  
The s p e c i f i c  h e a t  ( f rozen)  i s  e x p r e s s e d  by 
Where C ( T )  is a s p e c i f i e d  f u n c t i o n  of  t e m p e r a t u r e ,  thermodynamic 
i  
d a t a  being t a b u l a t e d  from Refe rence  C7) .  
The r a t i o  o f  s p e c i f i c  h e a t s  i s  
t h e  Mach number i s  g iven  by 
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and hence t h e  Mach a n g l e  i s  
p f =  s i n  
( c )  Axis P o i n t  C a l c u a l t i o n .  In ax i symmet r i c  f l o w s ,  
s p e c i a l  c o n s i d e r a t i o n  must be g iven  t o  t h e  c o m p a t i b i l i t y  r e -  
l a t i o n  i n  t h e  v i c i n i t y  of t h e  a x i s ,  due t o  t h e  i n d e t e r m i n a c y  
s i n e  
of t h e  term -. Y 
Cons ide r  t h e  c a s e  i n d i c a t e d  i n  F i g u r e  ( 5 )  where L i s  on t h e  
a x i s ,  and E i s  midway between B and 
- -- - .  --. .  
FIGURE 5 .  AXIS POINT CALCULATION 
Note t h a t  a t  an a x i s  p o i n t  t h e  e x p r e s s i o n s  f o r  f i r s t  and second 
d e r i v a t i v e s  t a k e  t h e  s imple  form 
and 
where K i s  on t h e  a x i s  and Ay = y K + l  - Y K  
The c o m p a t i b i l i t y  r e l a t i o n  along B L  r e w r i t t e n  h e r e  wi th  B L  
e q u a l l i n g  z e r o  i s :  
Consider  t h e  te rm J s i n e  B 4 ( x L - x B )  which ,  upon, expanding  Y 
Near t h e  a x i s  s i n 0  Q, 0 
hence  we o b t a i n  
Page  2 9  
h e c c e  t h e  c o r n p a t i b i l  i t y  r e l a t i o n  t a k e s  t h e  f o r m  
where  
Page  30 
( d )  Wall P o i n t  C a l c u l a t i o n .  
F I G U R E  6. W A L L  P O I N T  C A L C U L A T I O N  
- .  
The d i f f u s i v e  t e r m s  a t  t h e  w a l l  a r e  e v a l u a t e d  by u s i n g  a  r e -  
f l e c t i o n  pr 
n e g l e c t e d .  
a b a t i c  and 
i n c i p l  
T h i s  
imperm 
e ,  t h e  e  
i m p l i e s  
e a b l e :  
f f e c t s  o  
t h a t  t h e  
I 
f a  w a l l  boundary  l a y e r  
w a l l  h a s  no s h e a r  and 
i = l ,  NSP 
b e i n g  
i s  a d i -  
In d i f f e r e n c e  form t h e  w a l l  c o n d i t i o n s  a r e  o b t a i n e d  by s e t t i n g .  
p r o p e r t i e s  ( q ,  T and o i )  a t  K+1 e q u a l  t o  t h o s e  o f  K - 1 ,  when K 
T R  1 5 2  Page 31 
i s  a t  t h e  w a l l ,  and us ing  t h e  s t a n d a r d  d i f f e r e n c e  f o r m u l a s  
f o r  d e r i v a t i v e s  
With t h e  wall  c o n t o u r  s p e c i f i e d ,  B C  i s  known, hence t h e  p r e s s u r e  
' C  i s  o b t a i n e d  from Equat ion  ( 3 0 )  
wi th  t h e  c o e f f i c i e n t s  A1, A ? ,  A 3  and A 4  o b t a i n e d  a s  p r e v i o u s l y  
d i s c u s s e d .  
Having o b t a i n e d  a l l  t h e  p r o p e r t i e s  a t  p o i n t  L ,  t h e  c h a r a c t e r i s -  
t i c  c a l c u l a t i o n  canno t  a t  t h i s  p o i n t  be r e p e a t e d  w i t h  ave raged  
c o e f f i c i e n t s  s i n c e  t h e  d i f f u s i v e  te rms a r e  no t  known a t  L .  The 
p r o c e d u r e  i s  t o  r e p e a t  t h e  above s e t  of c a l c u l a t i o n s  f o r  a l l  
p o i n t s  a t  s t a t i o n  1 1 .  Then t h e  f i r s t  and second d e r i v a t i v e s '  
can be o b t a i n e d  a t  a l l  p o i n t s .  The c a l c u 1 a " t i o n  can then  be r e -  
pea ted  f o r  a l l  L p o i n t s  wi th  p r o p e r t i e s  averaged  ( a  = % ,  6 = % ) .  
The p r e s s u r e s  o b t a i n e d  i n  t h i s  second i t e r a t i o n  a r e  compared 
wi th  t h e  f i r s t  s e t  of p r e s s u r e s .  I f  t h e  change between t h e  two 
i t e r a t i o n s  i s  s u b s t a n t i a l ,  t h e  e n t i r e  c a l c u l a t i o n  i s  once more 
r e p e a t e d  u n t i l  t h e  change i n  p r e s s u r e s  between two s u c c e s s i v e  
i t e r a t i o n s  i s  n e g l i b l e .  S e v e r a l  i t e r a t i o n s  may be n e c e s s a r y  
i n  r e g i o n s  of s e v e r e  g r a d i e n t s  a l t h o u g h  i n  g e n e r a l ,  j u s t  two 
Page  32 
i t e r a t i o n s  a r e  r e q u i r e d ,  a s  i n  an  o r d i n a r y  c h a r a c t e r i s t i c  
c a l c u l a t i o n .  
TK 152  Pzge 33 
V .  S A l q I P L E  CALCULATIOidS 
To de i i lo t i s t ra te  t h e  nlethod d e v e l o p e d  i n  t h i s  r e p o r t ,  a  n o z z l e  
c o n t o u r  was g e n e r a t e d  f o r  t h e  nonun i fo rm  e n t r a n c e  c o n d i t i o n s  
d e p i c t e d  i n  F i g u r e  ( 7 ) .  T h i s  i n i t i a l  p r o f i l e  c o n s i s t s  of  
a  c e n t r a l  c o r e  o f  h o t  ti 3 and N s u r r o u n d e d  by an o u t e r  c o r e  2 2 
o f  c o o l e r  a i r ,  t h e  v e l o c i t y  and s t a t i c  p r e s s u r e  b e i n g  u n i f o r m .  
The c o n t o u r  was o b t a i n e d  by t h e  t e c h n i q u e s  d e v e l o p e d  i n  Re f -  
e r e n c e  ( 5 )  w h i l e  t h e  p rogram g e n e r a t e d  b a s e d  on t h i s  t e c h -  
n i q u e  i s  d e s c r i b e d  i n  R e f e r e n c e  ( 1 0 ) .  
The i n i t i a l  p r o f i l e  was expanded  t h r o u g h  t h e  d e s i g n e d  n o z z l e  
u s i n g  t h e  v i s c o u s  c h a r a c t e r i s t i c  t e c h n i q u e  w i t h  f r o z e n  chem- 
i s t r y .  The p r o f i l e s  a t  t h e  e x i t  p l a n e  a r e  compared w i t h  t h o s e  
o f  t h e  i n v i s c i d  c a l c u l a t i o n ,  i n  Figu;.e ( 8 )  t h e  d i f f e r e n c e s  
b e i n g  d u e  s o l e l y  t o  d i f f u s i v e  and d i s s i p a t i v e  e f f e c t s .  
The f r e e  s t r e a m  c o n d i t i o n s  i n  t h i s  c a l c u l a t i o n  c o r r e s p o n d  
I 
t o  a  Nach 8  a i r  s t r e a m  a t  an a l t i t u d e  o f  10,0,000 f e e t .  The 
f r e e  s t r e a m  Reynolds  number p e r  u n i t  l e n g t h  ' i s  870 ,000  and 
b o t h  t h e  P r a n d t l  and Lewis numbers were  t a k e n  a s  1 .  The 
t h r o a t  ha s  a  one  i n c h  r a d i u s  and t h e  t u r b u l e n t  v i s c o s i t y  
was c h o s e n  a s  a  c o n s t a n t  e q u a l  t o  1000 t i m e s  t h e  l a m i n a r  
* 
v a l u e  a t  t h e  e n t r a n c e  s e c t i o n .  Tile v e l o c i t y  and t e m p e r a t u r e  
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a t  t h e  e x i t  a r e  e s s e n t i a l l y  c o n s t a n t  i n  t h e  v i s c o u s  c a s e  
due t o  mixing ,  vihile t h e  e x i t  p r e s s u r e  i s  n o  l o n g e r  uniform 
ilaving t h e  r a t h e r  s l i g h t  v a r i a t i o n  i n d i c a t e d .  
The nozz le  c o n t o u r  o b t a i n e d  i s  d e p i c t e d  i n  F igure  ( 9 )  a long  
\v i th  s e v e r a l  s t r e a m l i n e s  and blach l i n e s  from t h e  v i s c o u s  
c a l c u l a t i o n .  The d o t t e d  l i n e s  i n d i c a t e  t h e  down-running 
c h a r a c t e r i s t i c  y i e l d i n g  des ign  p r e s s u r e  o n  t h e  a x i s  and t h e  
up-running  c h a r a c t e r i s t i c  downstream of which t h e  p r e s s u r e  
i s  un i fo rm,  o b t a i n e d  i n  t h e  i n v i s c i d  d e s i g n  c a l c u l a t i o n .  The 
a x i a l  wal l  and a x i s  Mach number d i s t r i b u t i o n s  a r e  shown i n  
F igure  ( 1 0 )  f o r  t h e  i n v i s c i d  and v i s c o u s  c a s e s ,  w h i l e  t h e  
c o r r e s p o n d i n g  p r e s s u r e  d i s t r i b u t i o n s  a r e  p r e s e n t e d  i n  F i g u r e  
An a d d i t i o n a l  v i s c o u s  c h a r a c t e r i s t i c s  c a l c u l a t i o n  was performed 
t o  show t h e  v i s c o u s  s c a l i n g  e f f e c t  of t h e  t h r o a t  r a d i u s  on t h e  
problem. The r a d i u s  was chosen a s  1 2  i n c h e s  i n  t h i s  c a s e  a s  
compared t o  one inch  i n  t h e  p r e v i o u s  c a s e ,  t h e r e f o r e  t h e  mag- 
- 
n i t u a e  of t h e  v i s c o u s  terms i n  t h i s  m i l d l y  v i s c o u s  c a s e  i s  
d imin i shed  by a  f a c t o r  of 1 2  a s  compared t o  t h e  p r e v i o u s  very 
v i s c o u s  c a s e .  As e x p e c t e d ,  t h e  r e s u l t i n g  a x i a l  wal l  p r e s s u r e  
d i s t r i b u t i o n  f a l l s  between t h a t  of  t h e  i n v i s c i d  and very  v i s -  
cous c a l c u l a t i o n  o v e r  t h e  c e n t r a l  p o r t i o n  of t h e  n o z z l e ,  t h e s e  
r e s u l t s  be ing  d e p i c t e d  i n  F i g u r e  ( 1 2 ) .  
F I G U R E  9 ,  D E S I G N  C O N T O U R  A N D  S T R E A M L I N E  P A T T E R N  
F I G U R E  1 0 .  A X I A L  MACH NUMCER D I S T R I B U T I O N S  
F I G U R E  1 1 ,  A X I A L  P R E S S U R E  D l S T R l B U T l O N S  
FIGURE 1 2 .  AXIAL W A L L  PRESSURE DISTRIBUTIONS 
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T h r u s t  computa t ions  f o r  t h e  above t h r e e  c a s e s  were performed 
by i n t e g r a t i o n  of t h e  wall  p r e s s u r e  d i s t r i b u t i o n ,  t h e  t h r u s t  
being computed us ing  Equat ion  ( 5 0 ) .  
J ' e x i t  T h r u s t  = (Zn)  1 J ( P - P , )  s i n  O N  ( y W )  d x  
0  
The very v i scous  c a s e  ( r t h r o a t  = 1  i n c h )  had a p p r o x i m a t e l y  a  
s i x  p e r c e n t  l o s s  i n  t h r u s t  a s  compared t o  t h e  i n v i s c i d  c a s e ,  
w h i l e  t h e  m i l d l y  v i s c o u s  c a s e  had abou t  a  f o u r  p e r c e n t  l o s s .  
- l h e s e  l o s s e s  a r e  s o l e l y  due t o  v i s c o u s  d i s s i p a t i o n  r e s u l t i n g  
from n o n u n i f o r m i t i e s  a t  t h e  n o z z l e  e n t r a n c e  and d o  no t  i n -  
c l u d e  t h e  e f f e c t s  of s k i n  f r i c t i o n  a t  t h e  n o z z l e  w a l l .  
- -- / 
For a  sample c a l c u l a t i o n  wi th  f i n i t e  r a t e  h y d r o g e n - a i r  chem- 
i s t r y ,  t n e  same i n i t i a l  p r o f i l e  and n o z z l e  were chosen wi th  ; 
t i 2  added (a , .  = . 007)  i n  t h e  c e n t r a l  c o r e .  : To speed  u p  t h e  
12 * 
o c c u r r e n c e  of combus t ion ,  smal l  amounts of 0 ,  H and O H  were 
i n c l  uaed in  t h e  i n i  t a l  p r o f i l e ,  t h e r e b y  r e d u c i n g  i yni t i o n  
d e l a y  t i  me. P r e s s u r e  and t e m p e r a t u r e  p r o f i l e s  a r e  p r e s e n t e d  
i n  F i g u r e  ( 1 3 )  f o r  both t h e  f r o z e n  and f i n i t e  r a t e  v i s c o u s  
c a l c u l a t i o n s  a t  an a x i a l  s t a t i o n  j u s t  under  2 t h r o a t  r a d i i  
downstream of  t n e  i n i t i a l  s t a t i o n .  The h i g h e r  t e m p e r a t u r e  
7 - -  . 1  
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p r o f i l e  i1-1 tile f i n i t e  r a t e  c a s e  r e f T e c t s  t h e  h e a t  g e n e r a t e d  
i 1 by b , ~ 2  con:bustion p r o c s s s  and tiie c o r r e s p o n d i n g l y  h i g h e r  
p r e s s u r e  i s  a  r e s u l t  of t n e  s t r e a m l i n e  d e f l e c t i o n s  induced  
by tile c h e m i s t r y .  
- Ille a x i a l  p r e s s u r e  d i s t r i b u t i o n s  a r e  p r e s e n t e d  i n  F i g u r e  ( 1 4 )  
f o r  t n e  wal l  and a x i s  s t r e a m l i n e s .  Note t h a t  a t  t h e  wal l  
combust ion beg ins  a lmos t  immedia te ly  wit11 a  consequen t  de -  
v i a t i o n  i n  p r e s s u r e  from t h e  f r o z e n  c a s e  q u i t e  a p p a r e n t  a t  
x = .1, S i n c e  t h e  c h e m i s t r y  g e n e r a t e s  a  t e m p e r a t u r e  r i s e  
a t  t h e  w a l l ,  t h e  rlach number t h e r e  i s  l o w e r ,  hence ,  s i  
reacn  t h e  a x i s  e a r l i e r .  This  i s  e v i d e n t  i n  F i g u r e  ( 2 0 )  by 
n o t i n g  t h a t  t h e  a x i s  p r e s s u r e  f e e l s  t h e  expans ion  e a r l i e r  
i n  t h e  f i n i t e  r a t e  c a s e .  i lote  t h a t  t h e r e  a r e  t w o  oppos ing  
e f f e c t s ;  namely, t h e  expans ion  g e n e r a t e d  by t h e  wall  t u r n -  
ing  and ti ie compression g e n e r a t e d  by t h e  c h e m i s t r y .  The wal l  
expans ion  e v i d e n t l y  dominates  t h e  o v e r a l l  p r e s s u r e  v a r i a t i o n .  
: 
The sample c a l c u l a t i o n s  performed d e m o n s t r a t e  t h e  c a p a b i l i t y  
of t h e  v i s c o u s - c h a r a c t e r i s t i c  program t o  de te rmine  i n t e r n a l  
s u p e r s o n i c  f low f i e l d s  . t ak ing  i n t o  accoun t  t h e  e f f e c t s  of 
s h e a r ,  conduc t ion  and d i f f u s i o n ,  a s  wel l  as  f i n i t e  r a t e  hydrogen-  
a i r  combus t ion .  The r e s u l t s  of t h e s e  c a l c u l a t i o n s  i n d i c a t e  s i g -  
n i f i c a n t  d i f f e r e n c e s  i n  t h r u s t  between t h e  v i s c o u s  and, i n v i s c i d  
c a s e s ,  due b d s i c a l l y  t o  t h e  l a r g e  v a l u e  assumed f o r  t h e  t u r b u -  
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?en;; v i s c o s i t y ,  whicll was chosen  t o  n iagnify  t h i s  d i f f e r e n c e .  
i n  u s i n g  'criis progt-an1 f o r  t h e  a n a l y s i s  o f  an a c t u a l  n o z z l e  t h e  
c i i o i ce  o f  a n  a p p r o p r i a t e  v i s c o s i t y  model must  be made by t h e  
u s e r ,  a s  niust t h e  c h o i c e  i n  s i z e  o f  t h e  n u m e r i c a l  g r i d ,  t h e  
l a t t e r  ba sed  on a  comproniise between r u n n i n g  t ime  and t r u n c a -  
t i o n  e r r o r .  
Rega rd ing  t h e  f i n i t e  r a t e  chemica l  c a l c u l a t i o n ,  t h e  a b i  1  i  t y  
o f  t h e  v i s c o u s  c h a r a c t e r i s t i c  p rogram t o  p r e d i c t  a  t e m p e r a t u r e  
r i s e  and a  c o r r e s p o n d i n g  p r e s s u r e  r i s e  i n d u c e d  by c h e m i s t r y  i n  
t h e  p r e s e n c e  o f  a  l a r g e  i n v i s c i d l y  c r e a t e d  p r e s s u r e  f i e l d ,  has  
been d e m o n s t r a t e d .  I t  i s  g e n e r a l l y  q u i t e  d i f f i c u l t  t o  o b t a i n  
an i n i t i a l  p r o f i l e  and a  v i s c o s i t y  model which w i l l  s i m u l a t e  
a c t u a l  c o n d i t i o n s  when f i n i t e  r a t e  c h e m i s t r y  i s  i n v o l v e d .  The 
i g n i t i o n  d e l a y  t i m e  i s  d e p e n d e n t  on b o t h  t h e  c o n c e n t r a t i o n  o f '  
r a a i c a l s  ( 0 , t i  and O H )  i n  t h e  i n i t i a l  p r o f i l e  a s  w e l l  a s  on t h e  
r a t e  o f  d i f f u s i o n  o f  H z  i n t o  t h e  a i r  s t r e a m ,  In a d d i t i o n ,  t h e  
s i z e  and s h a p e  o f  t h e  comb us t i on  zone  and accompanying  s t r e a m -  
l i n e  p a t t e r n  a r e  q u i t e  s e n s i t i v e  t o  t h e  v i s c o s i t y  model em- 
p l o y e d .  F o r  a  f i x e d  i n i t i a l  p r o f i l e ,  t h e  v a l u e  o f  v i s c o s i t y  
r e g u l a t e s  t h e  amount o f  f u e l  d i f f u s i n g  i n t o  t h e  combus t i on  
z o n e ,  a s  w e l l  a s  t h e  aiilount o f  h e a t  c o n d u c t e d  away frorn t i l e  
- f l a m e .  [ h e  v a r y i n g  p r e s s u r e  a c r o s s  t h e  combus t i on  z o n e ,  due 
t o  t h e  i n d u c e d  s t r e a m 1  i n e  d e f l e c t i o n s ,  f u r t h e r  compl i c a t e s  
t h e  s i t u a t i o n ,  s i n c e  t h e  chemica l  r a t e  c o n s t a n t s  a r e  r e l a t e d  
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t o  t h e  p r e s s u r e  l e v e l  i n  a  n o n - l i n e a r  f a s l ~ i o n .  I t  i s  f e l t  t h a t  
u s i n g  t h e  v i s c o u s  c h a r a c t e r i s t i c s  p rogram i n  c o n j u n c t i o n  w i t h  
a n  e x p e r i n i e n c a l  p rogram would g r e a t l y  e x t e n d  i t s  u s e f u l n e s s  a n d  
s h o u l d  l e a d  t o  a g r e a t e r  u n d e r s t a n d i n g  o f  t h e  complex  i n t e r p l a y  
be tween  c l ? e r n i s t r y  and m i x i n g  i n  a  n o n u n i f o r m  wave f i e l d .  
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C H A R A C T E R I S T I C  D E R I V A T I O N  
The c o n t i n u i t y  e q u a t i o n ,  e x p a n d e d ,  t a k e s  t h e  f o r m :  
By u s e  o f  t h e  s-momentum e q u a t i o n ,  t h e  t e r m  ps may be r e p l a c e d  
by 
3 i f f e r e n t i a t i n g  t h e  e q u a t i o n  o f  s t a t ?  w i t h  r e s p e c t  t o  s  y i e l d s  
where  f r o m  t h e  c o n s e r v a t i o n  o f  s p e c i e s  e q u a t i o n  
6? ,d  f rom t h e  e n e r g y  e q u a t i o n  
R e p l a c i n g  t h e  t e r m s  p a  and qx a p p e a r i n g  i n  t h e  c o n t i n u i t y  
as  as  
e q u a t i o n  ( E q u a t i o n  ( I .  1 ) )  w i t h  t h e  e x p r e s s i o n s  i n  E q u a t i o n s  
( 1 . 2 )  - ( I . 5 ) ,  t h e  r e s u l t i n g  e q u a t i o n  t a k e s  t h e  fo rm:  
By a l g e b r a i c  m a n i p u l a t i o n ,  t h e  b r a c k e t e d  t e r m  on t h e  l e f t  hand 
2 s i d e  o f  E q u a t i o n  ( l  . G )  can  be r educed  t o  PIf-1. L e t t i n g  F* e q u a l  
t h e  sum o f  a17 t h e  t e r m s  on t h e  r i g h t  hand s i d e  o f  E q u a t i o n  ( 1 . 6 )  
w f t h  t h e  e x c e p t i o n  o f  t h e  a x i s y m m e t r i c  t e r m  ~ p q ' s i n e  ,  qua- 
Y 
t i o n  ( 1 . 6 )  t a k e s  t h e  fo rm 
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2 2 b ~ i t h  pq  = pM, , E q u a t i o n  (I.?) and t h e  normal momentum 
I 
e q u a t i o n  a r e  w r i t t e n :  
The t o t a l  d e r i v a t i v e s  o f  p and 0 may be e x p r e s s e d  by: 
!%?- d s  i d n  = d p  
a s  a n  
( I .  10.) 
W r i t t e n  i n  m a t r i x  f o r m ,  t h e  above  s y s t e m  ( E q u a t i o n  ( 1 . 8 )  
t h r o u g h  ( I .  1 1 ) )  becomes 
0 
1 
0 
cis 
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T h e  c h a r a c t e r i s t i c  d i r e c t i o n s  of t h i s  sys tem of e q u a t i o n s  a r e  
o b t a i n e d  by s e t t i n g  t h e  d e t e r m i n a n t  of t h e  c o e f f i c i e n t  ma t r ix  
equal  t o  z e r o .  
( I .  13 )  
\2 
o b t a i n i n g  id" - 1 
\T - Zqj- . Hence t h e  c h a r a c t e r i s t i c s  a r e  l i n e s  S C 
whose s l o p e  i s  g iven  by 
( I .  14) 
o r  e x p r e s s e d  i n  c a r t e s i a n  c o o r d i n a t e s  
Q = t a n  ( s i p f )  
d x 
( I .  1 5 )  
The c o ~ n p a t i b i l i t y  r e l a t i o n  a long  t h e  c h a r a c t e r i s t i c s  i s  o b t a i n e d  
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by  r e p l z c i n g  a n y  c o l u m n  o f  t h e  c o e f f i c i e n t  m a t r i x  w i t h  t h e  v e c -  
t o r  o n  t h e  r i g h t  hand s i d e  o f  E q u a t i o n  ( 1 . 1 2 )  and s e t t i n g  t h e  
, 
d e t e r m i n a n t  o f  t h i s  m a t r i x  e q u a l  t o  z e r o .  
E x p a n d i n g  t h e  d e t e r m i n a n t  and u s i n g  E q u a t i o n  ( 1 . 1 4 )  we o b t a i n  
t h e  c o n p a t i b i l  i t y  r e l a t i o n  
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